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1. Introduction 

In recent years the holographic approach towards QCD, based on the gauge/string duality [1, 

2, 3], has provided us with many novel ideas and promising results. Of particular interest is a class 
of models described by the Yang-Mills (YM) and Chern-Simons (CS) action [4], which comes out 
as a large-A^ c generalization of the traditional hidden local symmetry model. In this framework a 
multiplet of Goldstone bosons is built in at the beginning, and chiral symmetry is realized in the 
non-linear pattern. Later a concrete model in this class was constructed by embedding D8 and 
D8 flavor branes into the background of D4 branes [5]. Chiral symmetry breaking is implemented 
geometrically in the configuration with D8 and D8 branes connected smoothly in the infrared. 

Since chiral symmetry breaking is quite naturally accommodated in this framework, the low 
energy properties are nicely reproduced. For example, truncated to the pion sector one reproduces 
the Chiral Perturbation Theory (%PT) Lagrangian up to 0(p 4 ) [5, 6, 7]. In particular, the Chern- 
Simons part immediately gives rise to the Wess-Zumino-Witten term [7] . In the even parity sector, 
the relevant low energy constants (LECs) are quite accurately determined, showing little model 
dependence [5, 6, 7]. Recently, the anomaly structure in these models was further studied [8], 
and a universal relation for the transverse part of triangle anomalies was found. Studies of such 
a relation were carried out in [9, 10, 11]. These progress stimulated us to perform a systematic 
investigation within this class of models [12]. Here I summarize all the results along these lines. 

2. Review of the holographic framework 

2.1 The 5D picture and correlations functions 

The class of models we focus on are described by the action [4, 5] 



Here £/(x,z) = s^mcIx™ is the 5D U(Afy) gauge field and & = dstf — isrff\srf is the field strength. 
They are decomposed as gtf = £/ a t a and & = ^ a t a , with the normalization of the generators 
Tr{t a t b } = 8 ah /2. The coefficient K = N c /(24n 2 ), with N c the number of colors. The functions 
f 2 (z) and g (z) are invariant under reflection z — > — z so that parity can be properly defined in the 
model. The fifth coordinate z runs from — zo to zo with zo > 0. zo can be finite or infinite depending 
on the backgrounds. 

To calculate the correlation functions, one needs to know the bulk-to-boundary propagators, 
which describe the response of the system to external sources. In the present case the most inter- 
esting ones are those for the transverse part of the gauge field, which can be further decomposed 
into the vector part and the axial part. To obtain them first one derives the equation of motion from 
the action, which after the 4D Fourier transformation becomes 
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(2.1) 




(2.2) 



(2.3) 



g 2 (z)d z [f(z)d z ^{q,z)) 
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(2.4) 



2 



Holography, chiral Lagrangian and form factor relations 



Fen Zuo 



Requiring the boundary conditions V(Q,±zo) = 1 and A(Q,±zo) = ±1 (Q 2 = — <? 2 )> one then gets 
the explicit expressions of them. 

The original 5D gauge potential can be decomposed as an evolution of the bulk-to-boundary 
propagator with the external source. Various correlations functions are then obtained by taking the 
functional derivative in the 5D action, with respect to the corresponding sources. For example, 
from the Yang-Mills term one finds the two-point vector and axial current correlators 



IMG 2 ) = ^ 2 f 2 (z)V(Q,z)d 7 V(Q,z)\^° 
1 



n A (G 2 ) = pf 2 (z)A{Q,z)d z A{Q,zW=tl. (2.5) 

From the Chern-Simons term one obtains the longitudinal and transverse part of the triangle anomaly (in 
the kinetic limit where one vector field is soft) [8] 

MQ 2 ) = ^r, MQ 2 ) = /_ Z0 dzA(Q,z)d z V(Q,z). (2.6) 

Taking into account that V(Q,z) and A(Q,z) are the two independent solutions of eq. (2.4) with 
different boundary conditions, one obtains a novel model-independent relation [8] 



MQ 2 ) = ^ + ^[n v (Q 2 )-n A (Q 2 )]. 

*Z J 31 

2.2 The 4D picture and %PT Lagrangian 



The equation of motion (2.4) also has normalizable solutions \f/ n for discrete values q 2 = m 2 , 
which correspond to vector and axial meson states depending on the property under the trans- 
formation z — > —z. The Goldstone bosons are contained in the gauge component si z and can be 
parameterized through the chiral field U as 

U (xf 1 ) = P exp | i J + "° af z , z')dz' J . (2. 8) 

One can further introduce the external sources as the boundary values of the gauge potential si^, 
and treat them as if they are dynamical [4, 7]. The propagation of these source fields in the fifth 
dimension is then controlled by the zero mode solutions of (2.4), namely 1 = V(0,z) and Yo(z) = 
A(0,z). With all these ingredients included, one finds the on-shell decomposition of the gauge 
potential st^, 

DO CO 

(x, z) = lp (x) y (z) + r M (x) y+ (z) + £ v£ (x) y 2n _ i (z) + £ (x) y 2n (z) , (2.9) 

n= 1 n= 1 

where (x) and (jc) are the source fields at the left and right boundaries, and i//± (z) = \ (1 ± 
Vo(z))- Moreover, one can make the formulas more compact employing the srf z = gauge, in 
which eq. (2.8) and eq. (2.9) are combined into a single expression 



^(x, z ) = ir^x) + u ^Mz) + £ vj(je)v^-i(z) + £ <(*)V2„(z) , (2.io) 



UuAX) 

Vb(z) ■+ 

n=l «=1 
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with the commonly used tensors T fl (x) and u^{x) in %PT . 

We can rewrite the 5D action in a 4D form. As a first step, one sets all the massive fields to be 
zero and focuses on the pion sector. Substituting the stf^ decomposition (2.10) in the YM action, 
one gets the even-parity %PT Lagrangian up to &(p 4 ). The LECs in the Lagrangian are given by 
the 5D integrals: 



Notice that at this order, there are already model-independent relations among the LECs. Further- 
more, the substitution of the ^ decomposition (2.10) in the Chern-Simons action reproduces the 
gauged Wess-Zumino-Witten term [5, 7]. 



3. xPT Lagrangian at ff(p 6 ) 

In ref. [12] we explore further the predictions along these two lines within this class of models. 
First, we notice that the results from the two formalisms are not independent. For example, one 
can calculate the quantities on both sides of the relation (2.7) using the resonance decomposition 
(2.10). The relation turns into an infinite number of matching conditions among the resonance 
parameters. In particular, taking the Q 2 — > limit, the relation becomes [9] 



where C^ 2 is an ^(p 6 ) LEC in the odd-parity sector [13]. While we have shown before that xPT 
Lagrangian up to &(p 4 ) can be reproduced directly, no derivation for the higher order terms has 
been done. Phenomenologically, although the full set of independent operators have been con- 
structed about ten years ago [14, 15, 13], accurate determination of the coefficients are still diffi- 
cult. 

Based on the derivation in the previous section, we know that these higher order terms can 
only come from the resonance exchanging diagrams. To reproduce the ^(p 6 ) operators, only the 
one-resonance interactions are needed since terms with more resonance fields only contribute to 
operators of even higher order. Substituting the decomposition (2. 10) into the 5D action, one can 




(2.11) 
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N C 



(3.1) 
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extract the parts 



Sym 



Kin. 



£ J dV-^(v M v»-v v v«) 2 +i4v» 2 -i(v M 4-v v «j) 2 +i4«j 2 ; 



Sym 



1— res. 



(V M v v - V v v£)ay v <> - -([w M ,a v ] - [w v ,a£])aAa* 



(3.2) 
(3.3) 



(V„v v -V v v")V 



+ ( 



(V^a" - V v a£)a Aa » - ^([w^v"] - [u v , v£])Ovy» - Vz 



1— res. 



+ 



167T 2 



(3.4) 



Here some notations and terms in %PT have been used, and all the couplings are given by the 
integral of the corresponding wave functions XjfQ and \\r n over z. In particular, one finds that the 
couplings from the YM part and CS part are related due to the equation of motion 



Co" — , n2°a n l^ ■ 
- > Jn 



(3.5) 



It turns out that these relations are essential for the validation of the form factor relations we show 
in the next section. 

Since we are working at Nc — > 00 , in the above action we have the interactions of infinite 
number of resonances. One would like to know how it can be approximated with only a few 
or even one resonance. From a simple model with the "cosh" metric function [4], one can see 
explicitly how the approximation works. The model is specified by 



/ 2 (z)=A 2 cosh 2 (z)/g 2 , g\z)=gl zo = o°, 
and all the independent couplings in this model read 



(3.6) 



aw n — a 2n-l, a Aa" — a 2m a n 



g5 s 2g 5 
c v" — —7^0 nt i, C a " — —7=O n ,i, 

v 3 v 15 

dv " = ~!5~ 5 "' 1 + ^05~ 5 "' 2 ' 



1 /2(2n + l) 
gsV n(n + l) ' 



(3.7) 



One sees that the approximation with the first one or two resonances is accurate for most couplings, 
the only exception being the couplings to the external sources, ay v <> and a^a"- This is because we 
need an infinite number of resonances to reproduce the logarithmic behavior of the corresponding 
correlators at large Q 2 [16]. 
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The &(p 6 ) %PT operators result from integrating out the resonances from the above La- 
grangian, with the coefficients given by the summation of the resonance couplings. For example, 
in the odd-parity sector, one finds 



C ^ = 64^L^r- (3-8) 



Using the coupling relation (3.5) and the completeness condition for the solutions y/,,, this can be 
further simplified and finally becomes (3.1). In a similar way, all the other LECs in the odd sector 
can be expressed through the &{p 4 ) couplings L\ , ...,L\q, together with an additional parameter Z 

For example, the operator [13], which is obtained by replacing the vector source in 0^ 2 with 
the axial one, has the coefficient 

r w _ N c ^ aAa»C a n _ N c . . 

c * - m^h^r - 96^7I (L9 - 8Ll) - (3 - 10) 

In the even-parity sector, one obtains similar resonance expressions for all the LECs. In particular, 
when the contributions are from two odd vertexes, the expressions can be further simplified as for 
C^2- Finally these odd-odd terms are completely determined by f n and Nc, e-g, 

Many relations among the even couplings at this order exist, extending the previously found rela- 
tions at &{p A ). Some of the most interesting ones are 

3C 3 + C 4 = Ci+4C 3 , (3.12) 
2C 78 -4C 87 +C 88 =0, (3.13) 

af=Nl, 2,°° = ^, (3.14) 
a+-=0, b + -=0. (3.15) 

Herea^ , ft 00 and a\ , b + are combinations of LECs relevant for the 77 — > n°n° and 77 — ^ n + n 
processes, respectively. Numerically, these relations are satisfied reasonable well [12], see e.g., 
Tab. 1. 



4. Form factor relations 



It turns out that some of these relations between LECs can be generalized to relations between 
scattering amplitudes, correlation functions or form factors. As discussed in ref. [6], the large-A^ 
assumption and the fact that only vector/axial resonances are included give strict constraints on the 
Tin scattering amplitude. As a result, one finds the relation L\ = ^2 = — g^3 at ^(p 4 )» an d further 
the relation (3.12) among C\, ...,C4 at higher order. Similar reasoning for the 77—)- tctc processes 
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Holo. 


DSE 


Reso. Lagr. 


ENJL 


af 


Nl 


3.79 


13 ±3.3 


14.0 






1.66 


3±1 


1.66 







-0.98 


0.75 ±0.65 


6.7 


b+- 





-0.23 


0.45 ±0.15 


0.38 



Table 1: Holographic predictions of the parameters «2 an d b relevant for the yy — > KK scattering processes, 
in comparison with the results from the Dyson-Schwinger Equation approach, the resonance Lagrangian, 
and the extended Nambu-Jona-Lasinio model. More details can be found in ref. [12]. 

gives rise to relations (3.14) and (3.15) [12]. The relation Lg = — L10 is found to be related to 
the vanishing of the axial form factor in the % — > Ivy decay [6], which at higher order results in 
(3.13). As for the relation between and Z40 (3.1), we have already shown that it results from 
the relation (2.7) between different correlation functions. 

What about the remaining relations of the other LECs? What are the underlying reasons for 
them? Or could they also be generalized to relations valid in the whole momentum region? From to 
the above mentioned relations, an immediate observation is that C™ 2 and Lg are also related to each 
other. Thus a reasonable guess will be that there could be some relation between the anomalous 
Tif 7* form factor and the electromagnetic pion form factor, which at low energy are related to C\\ 
and Lg respectively. These form factors can be calculated either in the 5D formalism, or using the 
4D resonance decomposition. In the 5D picture, the results are more compact and read 

&n{Q 2 ) = P f(z)V(Q,z)[d z¥o (z)] 2 dz. (4.1) 
Employing the equation of motion for i//n one finds 

^rr*(e 2 ,0) = _^^(e 2 ). (4.2) 

In Fig. 1 we show the results for the two form factors calculated from different models, and compare 
them with the experimental data. One finds that the "cosh" and hard wall models, in which the 
backgrounds are asymptotic anti-de Sitter, are able to fit the data in the large Q 2 region. However, 
more accurate data for J^ K (Q 2 ) are needed to check if the relation (4.2) could be valid or not. 
Replacing the photon by the axial source, one gets a relation as (4.2), which at low energy reduces 
to (3.10). 

5. Summary 

I reviewed our results obtained in ref. [12] for the interactions among the pions, vector/axial 
mesons and external gauge sources within a class of holographic models. The Lagrangian with one 
resonance field is derived and from this we obtain all the &(p 6 ) LECs. Various model-independent 
relations among these LECs are found. Inspired by these results, we found some interesting rela- 
tions between the form factors with different intrinsic parity. Further study along these lines is still 
in progress. 
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Figure 1: Anomalous %'f 'f ' form factor and the electromagnetic pion form factor calculated from the flat, 
"cosh ", hard wall and Sakai-Sugimoto models, denoted by the dotted, solid, dashed and dash-dotted lines, 
respectively. For the details of different models and the experimental data, please see ref. [12]. 
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